Fluids in which both time-reversal and parity are broken can display a dissipationless viscosity that is odd under each of these symmetries. Here, we show how this odd viscosity has a dramatic effect on topological sound waves in fluids, including the number and spatial profile of topological edge modes. Odd viscosity provides a short-distance cutoff that allows us to define a bulk topological invariant on a compact momentum space. As the sign of odd viscosity changes, a topological phase transition occurs without closing of the bulk gap. Instead, at the transition point, the topological invariant becomes ill defined because momentum space cannot be compactified. This mechanism is unique to fluid models and can describe physical fluids ranging from electronic to chiral active systems.
Fluids in which both time-reversal and parity are broken can display a dissipationless viscosity that is odd under each of these symmetries. Here, we show how this odd viscosity has a dramatic effect on topological sound waves in fluids, including the number and spatial profile of topological edge modes. Odd viscosity provides a short-distance cutoff that allows us to define a bulk topological invariant on a compact momentum space. As the sign of odd viscosity changes, a topological phase transition occurs without closing of the bulk gap. Instead, at the transition point, the topological invariant becomes ill defined because momentum space cannot be compactified. This mechanism is unique to fluid models and can describe physical fluids ranging from electronic to chiral active systems.
In ordinary fluids, acoustic waves with sufficiently large wavelength have arbitrarily low frequency due to Galilean invariance [1] . When either a global rotation or an external magnetic field is present, Galilean symmetry is explicitly broken by either Coriolis or Lorentz forces within the fluid, respectively. Hence, the spectrum of acoustic waves becomes gapped in the bulk. Yet, a peculiar phenomenon can occur at edges or interfaces: chiral edge modes propagate robustly irrespective of interface geometry. This phenomenon, analogous to edge states in the quantum Hall effect, was unveiled in the context of equatorial waves [2] and explored in out-of-equilibrium or active fluids [3, 4] . Similar phenomena occur in lattices of circulators [5, 6] , polar active fluids under confinement [7] and coupled gyroscopes [8] or pendula [9] .
In addition to Coriolis or Lorentz body forces, fluids in which time-reversal and parity are broken generically exhibit a dissipationless viscosity that is odd under each of these symmetries [10, 11] . The viscosity tensor η ijkl relates the strain rate v kl ≡ ∂ k v l to the viscous part of the stress tensor σ ij = η ijkl v kl . Odd viscosity refers to the antisymmetric part of the viscosity tensor η o ijkl = −η o klij [11] . In an isotropic two-dimensional fluid, odd viscosity is specified by a single pseudoscalar η o , see Supplementary Information (SI) for details [11] . Odd viscosity changes sign under either time-reversal or parity, and hence must vanish when at least one of these symmetries is present. Conversely, odd viscosity is generically non-vanishing as soon as both time-reversal and parity are broken. Odd viscosity has been studied theoretically in various systems including polyatomic gases [12] , magnetized plasmas [13, 14] , fluids of vortices [15] [16] [17] [18] , chiral active fluids [19] , quantum Hall states and chiral superfluids/superconductors [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] . It was experimentally observed in diatomic gases [30, 31] , electron fluids subject to a magnetic field [32] , and spinning colloids [33] . Here, we show that the presence of odd viscosity fundamentally modifies the topological behavior of linear waves in the fluid. When odd viscosity is strictly vanishing, there is a single edge state, as was shown in Refs. [2] [3] [4] . When odd viscosity is non-vanishing, the net number of edge states at a hard boundary is either two or zero depending on the sign of odd viscosity relative to the external magnetic field (or rotation). Here, we define a bulk topological invariant that accounts for this striking behavior. In a fluid, momentum space is not compact (e.g. linear momentum can be arbitrarily large). Hence, the definition of bulk topological invariants require a constraint at short wavelength. A non-vanishing odd viscosity provides such a short distance cutoff (associated with microscopic angular momentum). Upon changing the sign of odd viscosity, a topological phase transition occurs without gap closing because at the transition, the small wavelength constraint changes, and the topological invariant becomes ill-defined.
Model.-To study the effects of odd viscosity on the topology of sound waves, we focus on a minimal model in which density waves propagate in a compressible fluid with odd viscosity and a Lorentz or Coriolis force (see Fig. 1 ). To do so, we consider the linearized continuity and Navier-Stokes equations
where v ≡ (v x , v y ) is the velocity, and v * ≡ (v y , −v x ) is the rotated velocity. Equations (1-2) are almost the same as those in Ref. [2] , with the physical difference that in our work ρ is the fluid density of an acoustic wave and not the height of a surface wave. The new conceptual element that we add to Eqs. (1-2) is the odd viscosity term ν o ∇ 2 v * which has not been previously considered in the context of topological waves and whose consequences we show to be fundamentally important. The term ω B v * corresponds to a Lorentz or Coriolis force, which we collectively write as f = ρ ω B v * . For the Lorentz force in a charged fluid, ω B = qB/M where Bẑ is the magnetic field, q is particle charge, and M is particle mass. For the Coriolis force in a rotating fluid ω B = −2Ω where Ωẑ is the rotation field (in this case, v is the velocity in the rotating frame). The term ν o ∇ 2 v * describes odd viscosity. An ordinary viscosity term ν∇ 2 v would lead to wave attenuation and we neglect it for simplicity (assuming ν o /ν 1). A detailed derivation of these equations is available in the SI for thermal plasmas and chiral active fluids. For active fluids, we derive the equations from a full nonlinear theory including the intrinsic rotation as a degree of freedom. Note that in this case, a rigid-body rotation can arise spontaneously due to active torques [34] . We linearize Eqs. (1-2) around the state (ρ, v) = (ρ 0 , 0), thereby discarding the convective terms. (In the case of rotating fluids, this means that we linearize around the rigid body rotation.) We neglect dissipative and diffusive components which would lead to wave attenuation.
Bulk dispersion and topology.-In the fluid bulk, Eqs. (1-2) can be replaced by their momentum-space version
Λ z is expressed in terms of the 3 × 3 matrices Λ i (i = x, y, z, see SI for definitions). Here, ρ(q, t), v(q, t) are the Fourier transforms of ρ(x, t), v(x, t), and the wavevector q ≡ (q x , q y ) takes values in the entire plane. The dispersion relations ω s (q) for the frequency of bulk modes are obtained by finding the eigenvalues of L(q) and consist of three branches. One branch has a flat dispersion ω 0 (q) = 0 with an eigenmode that combines vorticity and density (see SI). The acoustic spectrum is described by the other two branches, which have dispersion relations
whereq = |q|c/ω B (see SI for derivation). The qualitative features of these dispersion relations nearq = 0 depend on the frequency ω B and the dimensionless velocity ratio m ≡ ω B ν o /c 2 . The ratio m is analogous to (the square of) the Mach number (see SI). Crucially, only ω B (and neither ν o nor m) controls the magnitude of the gap atq = 0. Hence, odd viscosity alone cannot open a gap in the spectrum of acoustic waves. However, m plays an important role in the shape of the dispersion nearq = 0. For m < 1/2, the branches curve away from the gap, and the band structure looks similar to the case m = 0, see Fig. 2a -c. For m > 1/2, there is a qualitative difference in the shape of the bands relative to the m = 0 case: the bands curve towards the gap, and then experience an inflection point, see Fig. 2d -f. In this regime, for 0 <q < (2m − 1)/(2m 2 ), the group velocity of sound waves in the fluid is negative: ∂ω + /∂q < 0. This feature is also found in left-handed metamaterials, with negative index of refraction.
The analogy between acoustic waves on top of a constant background vorticity and the quantum-mechanical wavefunction of electrons in a constant magnetic field suggests that Eqs. (1-2) can lead to topological phenomena akin to the quantum Hall effect. Here, we take a complementary path to Ref. [2] and first focus on bulk topological invariants. The geometric phases in the wave propagation in the band structure are captured by the Berry curvature
] of the eigenmodes u ± q associated with the ± bands at q in Eq. (3), and reads
as a function ofq. In usual topological insulators, the integral of Berry curvature over momentum space is equal to a topological invariant. However, standard topological materials have a lattice structure, for which the wavevector q lives in a compact Brillouin zone, equivalent to a torus. In contrast, fluid models such as the one described by Eqs. (1-2) do not include a short-distance cutoff, and the wavevector spans the entire two-dimensional (q x , q y ) plane. As a consequence, the definition of topological invariants for fluid models requires the introduction of a constraint at small length scales [35] [36] [37] [38] [39] . Formally, this addition can be seen as an ultraviolet regularization of the continuum model. Here, a mesoscopic length scale naturally arises from odd viscosity whose presence leads to a well-defined limit for L(q) as |q| → ∞, independent of the direction of q. As a result, integer-valued topological invariants can be associated to each band of the wave spectrum as the first Chern numbers of a modified version of the operator L defined over the compactified momentum space (see Refs. [35] [36] [37] [38] [39] and SI for details).
When both ω B and ν o are nonzero (and only in this case), the first Chern number C − of the band with dis-persion ω − is given by
whereas the other acoustic band has the opposite first Chern number C + = −C − , and the flat band ω = 0 has a vanishing first Chern number. When odd viscosity vanishes, L(q) does not have a unique limit as |q| → ∞. Hence, the compactification is no longer possible, and the Chern numbers become ill-defined. Remarkably, this results in a topological phase transition without gap closing. This phase transition is due to an ultraviolet divergence of the hydrodynamic field theory. In other words, the hydrodynamic description of the system breaks down as the small lengthscales associated with odd viscosity vanish. Both the band structure and the distribution of the Berry curvature change qualitatively at high odd viscosity. As can be seen in Fig. 2 , for positive, low odd viscosity with m < 3/8 the gap occurs atq * = 0, where the Berry curvature concentrates. In the high odd viscosity regime m > 3/8, the band structure resembles a Mexican-hat potential. While the separation between the bands is unchanged atq = 0, the gap is now located along a circle with radiusq * = const = 0 where the Berry curvature concentrates. At large positive m ∝ ν o , this radius scales asq * ∼ m −1/2 while the gap size decreases as ω B m −1/2 , and the Berry curvature peak height increases as 2m 3/2 , showing a significant departure from the low odd viscosity case.
Bulk-boundary correspondence.-Topological invariants characterize infinite systems without boundaries, but their value is usually related to observable phenomena at interfaces. In a system with broken time-reversal invariance, we expect that the invariant C − counts the number of chiral edge states that appear at a hard boundary (which can be seen as an interface with a trivial system) and which have frequencies within the bulk band gap. An intuitive argument is that the topological invariant cannot change unless a gap is closed, but must change at an interface. Therefore, the interface corresponds to a local closing of the band gap and the presence of edge modes. This argument also suggests that edge modes are topologically robust: wave propagation must occur along the boundary regardless of its shape.
Therefore, Eq. (5) means that when both ω B and ν o are nonzero, a chiral fluid has a total of two protected edge modes going in the same direction at a hard boundary for ω B ν o > 0 (corresponding to |C − | = 2), or a net total of zero chiral edge modes when ω B ν o < 0 (corresponding to C − = 0). Notably, this topological phase transition occurs without closing the bulk band gap. Here, the second case corresponds to two counter-propagating edge states which are not topologically protected (see SI and Supplementary Movie). This is in sharp contrast to the case of strictly vanishing odd viscosity [2, 3] , where only one edge mode (either clockwise or counterclockwise) is expected at a hard boundary. We demonstrate these phenomena within finite-element simulations of Eqs. (1-2) in a modified disk geometry using COMSOL Multiphysics (see Fig. 3 , SI, and Supplementary Movies). The density at the edge is excited at a frequency in the gap (c.f., Fig. 2 ). For a range of model parameters when ω B ν o > 0, the edge waves propagate unidirectionally around the edge of the disk and does not scatter off sharp corners and prominent defects.
Although the existence and topological robustness of chiral edge states relies only on the nonzero topological invariant associated with the bulk bands, their penetration depth is determined by the various parameters in Eqs. (1) (2) . The penetration depth depends on the size of the bulk gap separating the two topological bands, which can scale with odd viscosity. To estimate this penetration depth κ −1 , we consider a fluid interface perpendicular to the y-axis with a fluid described by Eqs. (1-2) filling the region y < 0, whereas the region y > 0 is empty. Along this edge, solutions for density waves in the fluid have the form e i(ωt−q·x)+κy (for y < 0), which decays to zero as y → −∞ for real ω, q x , q y and positive κ. For simplicity, we assume that the dispersion of the edge states goes through the point ω(q x = 0) = 0 (see SI for the general case). From Eq. (3) whereκ ≡ κc/ω B , we find
At small odd viscosity c 2 > 4ν o ω B (|m| < 1/4), we find a solution withq y = 0 and
o . This solution includes the case κ − → ω B /c in the limit ν o → 0 [2] . In this limit, κ + ∼ c/ν o → ∞ which implies this mode is no longer hydrodynamic. By contrast, for the case of large (positive) odd viscosity c 2 < 4ν o ω B (m > 1/4), no solution satisfying q y = 0 exists. Instead, the edge wave has a profile whose amplitude both decays and oscillates away from the edge. In the limit c Fig. 3 , we compare these results with numerical simulations in which no-tangential-stress, no-penetration boundaries have been chosen (see SI for details). We find good agreement between our theoretical predictions and numerical simulations both the penetration depth (for ν o both small, Fig. 3b , and large, Fig. 3d ) and the oscillation wavelength (for large ν o , Fig. 3d ). Discussion.-When can odd viscosity be neglected? Comparing the magnitudes of terms on the right hand side of Eq. (2), we find two length scales 1 ≡ ν o /c and 2 ≡ ν o /ω B from the ratio of the compressibility and Lorentz (or Coriolis) terms to odd viscosity. At scales significantly larger that 1,2 , odd viscosity is a small effect. When ν o → 0, 1,2 both vanish and the effects of odd viscosity are no longer captured by the hydrodynamic description. In this case, the lack of a cutoff at short wavelength in the band structure allows for a topological phase transition without a corresponding closing of the band gap. In a topological system with boundaries, the penetration depth of one of the edge states scales as 1 in the limit ν o → 0, whereas the penetration depth of the other edge state converges to a finite value. In this limit, the effects of odd viscosity are confined in a boundary layer with small thickness of order 1 , in which the hydrodynamic description does not apply. In particular, we find that in the limit of vanishing odd viscosity, a single edge state with finite penetration depth remains, with a chirality controlled by the sign of ω B . The other edge state with vanishingly small penetration depth is either co-propagating or counter-propagating, depending on the relative sign of ω B and ν o , but likely becomes unobservable in the limit of zero odd viscosity, in agreement with the results of Refs. [2] [3] [4] . As odd viscosity is a generic feature of fluids with broken time-reversal and parity (although it can be very small; see SI), this mechanism provides a general understanding of the behavior of edge states in such systems.
In active systems, an internal source of time-reversal and parity violation can be superimposed to the global magnetic field or rotation. As a consequence, odd viscosity and the Coriolis or Lorentz force can be controlled independently, both in magnitude and in sign. For example, chiral active fluids consist of microscopic components subject to internal torques [34, . The combination of internal torques and dissipation results in steady-state active rotation of the microscopic components of size a with frequency ω A and an odd viscosity ν o ∝ ω A a 2 [19] . Alternatively, vortex circulation plays the role of odd viscosity in dissipationless fluids composed of vortices [15] . When the internal rotation ω A is significantly larger than the global external rotation ω B , the length 2 = a ω A /ω B can be significantly larger than the constituent length scale a.
Acknowledgments. To arrive at Eqs. (1-2) for a plasma, we begin with the full Navier-Stokes equations in two dimensions:
where σ is a (second rank) stress tensor. We consider the regime in which viscous dissipation can be ignored, and linearize the advective terms. To account for the effect of the magnetic field B, we add the Lorentz force term qv×B/m = ω B v×ẑ = ω B v * and the anomalous viscosity term ν o ∇ 2 v * (see Refs. [13, 30, 31] for the equations of fluid dynamics and transport coefficients in magnetized plasmas). We then linearize the equations around the steady state (ρ, v) = (ρ 0 , 0) to obtain Eqs. (1-2).
Chiral active fluids
Now we consider the derivation of a similar set of equations describing the hydrodynamics of a fluid which consists of particles spinning around their centers-a rotating chiral active fluid. We show that rigid-body rotation can arise naturally in such a fluid as a result of the combination intrinsic torques due to activity and a specific choice of boundary conditions. Furthermore, given a rigid-body flow, the equations describing sound-wave propagation in these chiral active fluids are precisely Eqs. (1-2) of the main text. The full, nonlinear equations of motion for such a fluid includes three dynamical fields-the density ρ(x, t), velocity v(x, t), and local intrinsic rotation rate Ω(x, t) (Whereas ρ and v enter the description of any fluid, Ω is the field peculiar to chiral active fluids.) [19, 34, 42] :
where I ≡ ιρ is the moment of inertia density (ι ∼ a 2 , where a is the linear size of the fluid's constituents particles), τ is the density of external torque causing the intrinsic rotation, Γ Ω is the damping of intrinsic angular momentum and Γ v is the frictional damping of flow. The fluid stress is given by
to lowest nonlinear order, where ω ≡ 1 2 ij ∂ i v j is the vorticity and v * j ≡ jl v l is the velocity vector rotated clockwise by π/2. The stress is composed of the usual fluid stress terms due to the pressure p and the (dissipative) viscosity tensor η ijkl present in any fluid, and two terms peculiar to chiral active fluids. One such term is the antisymmetric stress in Eq. (S6) proportional to Γ, which results from inter-rotor friction and couples the flow v to the intrinsic rotations Ω. The other chiral term,
, is a nonlinear contribution that arises from the conservation of angular momentum [19] .
We now linearize these equations around the appropriate steady state. We are interested in the regime in which gradients of intrinsic angular rotation Ω are negligibly small: this corresponds to a velocity v 0 and length scale r 0 such that v 0 /r 0 is much greater than Γ/I and, simulataneously, much less than τ /Γ (implying that τ Γ 2 /I). If Ω is constant (= Ω 0 ), the terms involving the gradients of Ω in the equation for v become zero, and the only chiral term that remains has the form IΩ 0 /2∇ 2 v * , i.e., it becomes the odd viscosity term with the value of odd viscosity given by η o = IΩ 0 /2. As we discuss below, such terms arise naturally due to the symmetries broken by the chiral active fluid.
In the limit when Ω is constant, the equations of motion for a chiral active fluid are captured by the two dynamical fields v(x, t) and ρ(x, t). Within a disk geometry, these equations can be solved for the steady state (defined by ∂ t v 0 = ∂ t ρ 0 = 0). If the speed of flow is less than the speed of sound (|v 0 | c), the steady-state flow is incompressible, then ∇ · v 0 = 0 and ∂ t ρ 0 = 0 automatically. The flow is then defined by the vorticity ω ≡ ∇ × v/2, which in the steady-state satisfies a Helmholtz equation. For rolling (i.e., the chiral active fluid equivalent of no-slip) or partial-slip boundary conditions, the speed of chiral active particles at the edge is not zero, but is instead proportional to Ω 0 . Alternatively, the boundary conditions can be defined via a constant ω ∼ Ω 0 . Taking the limit that the surface friction Γ v is small, the equation for ω in the steady state becomes Laplace's equation: ∇ 2 ω = 0. For constant boundary conditions, the solution to this equation will also be constant in space, i.e., ω = const. This solution is precisely a rigid-body rotation, and part of the family of solutions described in Ref. [34] . Within a disk geometry, this solution describes well the flow profile observed in both a continuum analytical solution and particle-based numerical simulations of a chiral active fluid.
Significantly, for a chiral active fluid in a steady state with rigid-body rotation, the linearized equations for sound waves acquires a Coriolis force term. This term arises from linearizing the convective term ∂ i (ρv i v j ) in the equation of motion for v around the rotating flow field. In a non-inertial frame that is rotating with angular frequency ω R , the change of reference to the co-rotating frame leads to the transformation
(with ν o = η o /ρ 0 ), which are precisely Eqs.
(1-2) of the main text,. This derivation shows that the equations considered in the main text are precisely those necessary to describe density waves in a chiral active fluid within a disk-like geometry.
COMSOL SIMULATIONS
To test the analytical theory, we performed FiniteElement Analysis simulations using COMSOL Multiphysics software. Eqs. (1-2) were simulated by modifying the time-dependent Euler equation physics within the Acoustics module. For these simulations, we used the modified disk geometry shown in Fig. 3 with hard-wall boundary conditions and a small source with frequency ω s on the left-hand side of the disk. These boundary conditions correspond to no penetration of the boundary, v ·n = 0, wheren in combination with zero force in the transverse direction (i.e., perpendicular ton). We have checked that qualitatively, the choice of no-slip boundary conditions (i.e., v = 0) in our simulations would not change Fig. 3, see Fig. S2 . The radial profiles are fitted the analytic expressions e −rω B /c for low odd viscosity, and e
−rc/2ν
o sin r ω B /ν o for high odd viscosity. For Fig. 3a-b , in arbitrary units, the parameters used were (c, ω B , ν 0 , ρ 0 ) = (8, 40, 0.1, 1); the disk size was defined via radius 3 and the source was chosen with ω s = 10 < ω B . For Fig. 3c-d , the parameters used were (c, ω B , ν 0 , ρ 0 ) = (15, 1000, 2, 1); the disk size was defined via radius 3 and the source was chosen with ω s = 20 ω B . Based on symmetry considerations, a term of the form ν o ∇ 2 v * is also allowed for a simple fluid which experiences a constant external rotation with angular velocity ω R . However, in a simple fluid, the only lengthscale that could give rise to the quantity ν o = ω R 2 /2 is the constituent size a. In that case, comparing
with the Coriolis force 2ω R v * , we find the microscopic odd viscosity term to be a quantity that can be neglected for a large-scale, hydrodynamic description of the fluid. By contrast, in a chiral active fluid composed of particles that experience fast internal rotations, the odd viscosity term cannot in general be neglected.
VECTOR POTENTIAL FOR SOUND WAVES
To use the approach to topological density waves described in the main text, a model with at least two bands must be considered, leading to the analysis in the following sections. On the intuitive side, the connection between topological states and rotating fluids is suggested by an analogy between the quantum Hall effect and density waves on top of a steady state flow. If we linearize equations (S1-S2) in the lab frame around a flowing steady state, then take the Fourier transform in time to go to frequency space, we can derive the single equation
where the synthetic gauge field A = ωv 0 /c 2 is defined by the steady state flow field. Eq. (S10) is reminiscent of the time-independent Schrödinger equation for a quantum charged particle in a magnetic field. Note that in this analogy, the vorticity of the flow plays the role of the magnetic field, B ∼ ∇ × v 0 . A rigid rotation corresponds precisely to the case of constant magnetic field, with B = ∇ × A = 2ω R ω/c 2 , for a rigid body rotation with frequency ω R . Such a constant magnetic field is the essential ingredient in the classic example of topological chiral edge states-a quantum Hall fluid.
MODE STRUCTURE
We take the Fourier transform of Eqs. (1-2) by assuming a wavelike solution of the form e i(ωt−q·x) for ρ, v x , and v y . Dividing both sides by i leads to the eigenvalue problem
The off-diagonal coupling of the form i(ω B − ν o q 2 ) leads to a new structure of the eigenvector corresponding to the eigenvalue ω 0 (q) = 0. This eigenvector has the form u
. In other words, the chiral terms couple density and vorticity (= ∇ × v ∼ −q y v x + q x v y ) within this eigenmode. Note that the spectrum can be computed for the case ν o = 0, ω = ± ω 2 B + c 2 q 2 and the general answer, Eq. (3) found using the substitution ω B → ω B − ν o q 2 . In this sense, the role of odd viscosity is to rescale the Lorentz force in a lengthscale-dependent manner.
Because in the limit q → 0, the term ν o q 2 → 0, the presence of odd viscosity in the absence of ω B does not lead to a spectrum with a gap at q = 0. Equation (4) was obtained from the eigenvectors u ± q corresponding to Eq. (S11) via the expression
. Equation (6) can be derived by assuming solutions of the form e −iqyy+κy . This is equivalent to substituting into the full solution Eq. (3) the choices ω = 0, q x = 0 and q y → q y + iκ.
TOPOLOGICAL INVARIANTS
This section is devoted to the precise definition of topological invariants in our problem. We first define the relevant quantities, and then expose an argument adapted from [35] to show that first Chern numbers for the bands are defined only when both the time-reversal breaking characteristic pulsation ω B and the odd viscosity ν o are nonvanishing. When ω B = 0, the gap closes, which allows a topological phase transition. More surprisingly, the gap does not close when ν o = 0, although in that case the Chern numbers nevertheless becomes ill defined, and this also allows for a topological phase transition as the odd viscosity changes sign.
A similar mechanism was analyzed in the Bogoliubovde Gennes description of superfluid helium [35, 36] , where the inverse effective mass plays the role of odd viscosity and allows for a regularization. We also point out that such a regularization naturally occurs as a formal but necessary addition in the mathematical analysis of continuum topological insulators [39] . In the usual case of a topological insulator on a lattice, such a regularization is always present, due to the periodicity of momentum space.
After a change of coordinates, the eigenvalue problem (S11) can be written
where k = cq, 
. The acoustic bands ω ± are gapped if and only if the vector L(k) is non-vanishing everywhere, and in this case we can consider normalizing the vector
A topological invariant can be defined for the bands of L(k), provided that the vector n(k) converges to a value n(|k| → ∞) → ν(∞) which is independent of the direction of k. In this case, one can assign this value ν(∞) to a point at infinity, and consider the map k → n(k) as defined on the compactified plane, which is equivalent to a sphere. Hence, n can be seen as a map from the sphere S 2 to the sphere S 2 . Hence, it defines a compactified version of L = L · Λ defined as N = n · Λ, which can be seen as a map from the sphere S 2 to Hermitian matrices. The matrices L and N have the same eigenvectors, and therefore the same Berry curvatures, but the eigenvalues 0, ±ω of L are flattened to 0, ±1 in N . As N is defined on a compact manifold, its bands (or rather the corresponding vector bundles) have well defined first Chern numbers, which are directly related to the index (or degree) of the map n : S 2 → S 2 . By this construction, Chern numbers are attributed to the bands of the operator L(k). This construction can naturally be extended to more general forms of operators L(k), as long as the compactifitcation is possible. The first Chern numbers are topological invariants. As such, they do not change under continuous deformations of the operator L(k) (such as parameter changes), as long as (i) the gap between the bands remains open and (ii) the direction of the vector L(k) at infinity remains fixed.
In our case, we indeed have n(|k|
2 )] as long as ν o = 0. One immediately notices that this direction depends on the sign of odd viscosity! Hence, there must be a phase transition when ν o → 0. In this limit (i.e., when the odd viscosity van-
y , namely n goes to the equator of the sphere at infinity. Therefore for zero odd viscosity, it is not possible to compactify the momentum plane. As a consequence, the topological Chern number becomes ill defined for zero odd viscosity. This is what allows a topological phase transition to take place without gap closing at ν o → 0.
Let us now define and compute the topological invariant mentioned above. We first go back to the general case.
It is convenient to write L(k) = L(sin θ cos φ, sin θ sin φ, cos θ), so that the normalized eigenvectors are
The Berry connections A j = ψ j , i dψ j is then given by A ± = ± cos(θ)dφ and A 0 = 0, and the Berry curvatures F j = dA j are F ± = ∓ sin(θ)dθ ∧ dφ (note that there is a factor of two with respect of the most usual case of a massive Dirac cone, with Pauli matrices), and F 0 = 0. In terms of cartesian coordinates, F ± = ∓1/2 ijk n i dn j ∧ dn k . This expression allows to express the first Chern number of the band ± as
Let us stress one more time that while the last expression involves an integral on the plane, it is pulled back from an integral on the sphere which ensures its quantization. This is only valid when n(k) converges to a single value independent of the direction when |k| → ∞. In this case, this integral is equal to two times the index (or degree) of the map n = L/L : S 2 → S 2 , so C 1 is an even integer. In the general case where this constraint is not enforced, the value of the integral is a priori unconstrained, and it does not necessarily define a topological invariant.
In our case where
we find
Integrating over the plane yields (we assume c 2 > 0) we have for the lower band with dispersion ω −
The same result can also be obtained by recognizing that equation (S16) is two times the index of the map n :
, and for intermediate values n moves towards the equator, so the map is nontrivial if and only if sign(ω B ) = sign(ν o ) and exchanging the signs of the parameters changes the index to its opposite.
SHAPE AND PENETRATION DEPTH OF THE EDGE STATES
Replacingq 2 byq 2 x + (q y + iκ) 2 in Eq. (3) and solving forq y as a function of all other parameters, we find four solutions
where the sign of ± can be chosen independently at the each occurence. In the main text, we consider the simplest case (ω,q x ) = (0, 0); the corresponding values ofq y and of the penetration depthκ −1 are plotted as a function of m in figure S1(a,b) . We also plot the same quantities as a function ofω for fixed m = 1.1 in figure S1(c,d) , where it can be seen that for small values relative to the gap size atq = 0 (which is 2 in units ofω = ω/ω B ), both the wavevector componentq y and the penetration depthκ −1 are almost constant. The same remarks hold true whenq x is real and nonzero, see figure S1 (e,f). In the numerical simulations, the radial wavelength (corresponding toq x ) with a ratio of order 10 −2 , as seen in Figure 3 of the main text. Hence,q x q y . In this regime, we can safely assume (ω,q x ) = (0, 0).
NON-DIMENSIONALIZED NAVIER-STOKES EQUATION
The continuity equation being unmodified with respect to usual fluids, we focus on the Navier-Stokes equation. Let us define a length scale L and a velocity scale U ; a time scale is then obtained as
where we defined the Mach, Rossby and odd Reynolds dimensionless numbers
The odd Reynolds number is discussed in [19] , and we call Ro the Rossby number irrespective of whether it describes a Lorentz force or a Coriolis force. Note that as shown in [19] , a fluid with odd viscosity can be compressible even at low Mach number if the odd Reynolds 
or alternatively as the lengthscale ratio m = ( 1 / 2 ) 2 , which describes which term dominates odd viscosity at large lengthscales.
ODD VISCOSITY IN VARIOUS SYSTEMS
Here, we discuss the appearance of odd viscosity in several systems where parity and time-reversal symmetries are broken. For gases and plasmas, theoretical results and experimental data are only available in threedimensional systems. To connect the discussion in 2D with existing results in 3D, let us consider a quasi-2D system in the yOz plane, with a magnetic field Be x orthogonal to the plane.
In an isotropic two-dimensional system, there is only one odd viscosity. The tensor can be written
where σ j are Pauli matrices and ⊗ is the tensor product [11] , which means that
Thermal plasmas and monoatomic gases under rotation
The viscosity of a hot (i.e. thermal) magnetoactive one-component plasma at strong magnetic field can be computed by kinetic theory [13, 14] . Most of the momentum in the plasma is carried by the ions, and it is assumed that the collisions with the electrons do not contribute to the transport coefficients. In the same quasi-2D geometry as below, we can identify 2η odd η yyyz 2η 3 (where we refer to the notations of [13] ). In the hypotheses of a strong magnetic field, it is given by [13] 
where ρ is the fluid density, ω B = qB/m is the cyclotron frequency, m and q the masses and charges of the ions. This equation is only valid at strong magnetic field. A more general version (still for a thermal plasma) is [14] (see also [61] for a sign correction)
where τ is a collision time, and η 0 = pτ the viscosity at zero field. When ω B τ 1, the simplified case of a strong magnetic field is recovered, but here η 3 (B) → 0 when B → 0. Note that the standard viscosity in the plane is also modified by the magnetic field, and [14] 
(S29) Hence, the ratio of odd over standard viscosity is η yyyz /η yyyy = −4ω B τ .
Interestingly, the same result was found for gases (without additional internal degrees of freedom) subject to a Coriolis force [62] , up to the replacement ω B → 4/3Ω, where Ω is the rotation rate.
Two-dimensional electron gases, superfluids, and superconductors
In hard condensed matter physics, the odd viscosity is most often called Hall viscosity, and it appears in the semi-classical description of the electron fluid in a metal [63] [64] [65] under magnetic field. There, the Hall viscosity of a two-dimensional electron gas computed from kinetic theory is
where η 0 is the shear viscosity of the electron fluid without magnetic field, and τ 0 a collision time. The standard viscosity under magnetic field is η = η 0 /(1+(ω B τ 0 ) 2 ) ; at large ω B τ 0 the Hall viscosity dominates. This viscosity affects the motion of electrons in the electron gas, leading in principle to measurable quantities [63, 64, 66, 67] . This analysis was extended to graphene [68] , where the classical Hall viscosity was measured in [32] , where values as high as η H /η 0 ∼ 0.3 are found. For example, at T = 100 K, the characteristic length 2 = ν o /ω B ∼ 1.2 µm. Hall viscosity has been predicted in superfluids such as Helium III [20, 28] and superconductors [27] , provided that time-reversal and parity are broken, a situation occurring in chiral p + ip superfluids/superconductors.
In gapped quantum fluids, a Hall viscosity has been predicted (using adiabatic properties of the ground states under constant strains) to be topologically quantized [21, 24, 25, 66, [69] [70] [71] [72] [73] [74] . The Hall viscosity has been expressed as [24, 25] 
where s can be seen as (the opposite of) the average orbital spin per particle, and n is the particle number density.
Polyatomic gases in magnetic fields
With the notations of [10] , used in [12] , η yyyz = −2η 4 while η yzyy = η 4 . The antisymmetric part is η (A) yyyz = −3/2η 4 , so we identify η odd −3η 4 . For particular models of gases of non-spherical particles (e.g. polyatomic molecules) under magnetic field, kinetic theory calculations [12, 75, 76] show that
In this equation, η 0 is the viscosity coefficient without magnetic field andΘ = KµB/ p where B is the magnetic field, µ is the magnetic moment of molecules, p is the pressure of the gas, andψ is a dimensionless and K a characteristic viscosity, both function of the microscopic parameters. Experimental measures [30, 31] show that the maximum value of η 4 /η 0 is −1.81 × 10 −3 for CO and 0.88 × 10 −3 for HD (at approximately 0.02 bar and 4 T). Interestingly, the sign of η 4 (hence of odd viscosity) is controlled by the g-factor of the molecule through its magnetic moment, showing that the odd viscosity can be either positive or negative in this experimental realization.
Although a careful analysis of the microscopic dynamics (especially collisions) would be required to analyze the case of rotating gases of non-spherical particles, the strong analogy between the magnetic part of the Lorentz force and the Coriolis force allows us an intuitive understanding if we replace µB/ by the external rotation rate Ω in the definition ofΘ. The case of molecules without internal degrees of freedom under a Coriolis force was analysed in [62] and is similar to the case of thermal one-components plasmas under magnetic field, see corresponding section.
REALISTIC PLASMAS
Equations (1-2) involve significant assumptions about plasmas that may not be true in many experimental realizations. We now consider more general scenarios in which Eqs. (1-2) may still be appropriate to describe some aspects of electrostatic behavior, for example in three-dimensional two-component plasmas.
As described in Refs. [13, 30, 31] , odd viscosity in plasmas is well characterized both theoretically and experimentally. This response is also called transverse momentum transfer in the context of plasmas to distinguish it from dissipative viscous response. Beyond experimental determination of odd viscosity and its dependence on the strength of the magnetic field, these references also model odd viscosity theoretically in a hot plasma. One result is that for a plasma with long collision times the odd viscosity is proportional to the temperature T . In the main text, we use the full relation,
, where m is the mass of the charges and ω B is the cyclotron frequency.
In two-component plasmas in the absence of external magnetic field, the heavier ions are screened by the lighter electrons, leading to propagating ion acoustic waves. On the other hand, a magnetic field perpendicular to a wavevector prevents screening: the centers of electron cyclotron orbits become pinned by magnetic field lines, suppressing motion in response to ion density waves. However, because ions are much heavier than electrons, for a range of small but nonzero q · B, electrons effectively screen the ions via fast motion along field lines, whereas the ions move along cyclotron orbits. Equations (1-2) may be a good description for the motion of ions in these so-called electrostatic ion cyclotron waves. In that regime, topological edge waves would exist for a narrow region in three-dimensional wavevector space. Waves in these three-dimensional (3D) systems would not be as topologically robust as in the two-dimensional case, because the Chern number is only a weak topological invariant in 3D systems. A weak topological invariant is one that can be calculated as an integral over a manifold of a lower dimensionality. For example, for a threedimensional system, a Chern number is a weak topological invariant because it is defined by a two-dimensional integral over a surface in a three-dimensional Brillouin zone (see, e.g., Ref. [77] ). To summarize, it may be possible to measure odd viscosity via the penetration depth of chiral edge waves along the boundary of a plasma with electrostatic ion cyclotron waves.
To derive the equations that describes the Berry curvature of an unscreened plasma, we can consider the role of an electrostatic potential. For a given density distribution, the electrostatic potential φ is given by the screened Poisson equation
where λ is the screening length and M is the mass of the constituent charges. The electrostatic force on a charge e is given by −e∇φ. Therefore, a cold plasma will be described by equations ∂ t ρ(x, t) = −ρ 0 ∇ · v(x, t) (S34)
Note that in the cold plasma limit, ν o → 0. Taking 
Note that for small screening lengths, λ → 0, this reduces to the same form as Eq. (S11), with the speed λω p taking the place of the speed of sound c. On the other hand, for unscreened plasmas, λ → ∞, and the effective "speed of sound" goes as ω 2 p /q 2 . The spectrum then has a simple form ω 2 = ω 2 B + ω 2 p . In the unscreened limit we use the eigenvector solutions to find the expression for Berry curvature:
Note that because an unscreened plasma has no intrinsic lengthscale, an arbitrary length L must be introduced. Integrating this expression over q-space, we find 
which is independent of the choice of L and corresponds to non-integer integrated Berry curvature. This expression has two natural limits: (i) ω p ω B for which Eq. (S39) reduces to ±1∓ω S2 . Vorticity in the topological edge state. We see that the vorticity profile follows closely the density profile in both low-odd-viscosity (top) and high-odd-viscosity (bottom) regimes (c.f. Figure 3 for density profiles within the same simulation). This is expected from the eigenmode solution for the edge states, which couples the density and vorticity fields.
long-range interactions one would expect that a bandstructure analysis may be subtle. In this light, the lack of a well-defined Chern number is a significant feature highlighting a unique aspect of unscreened plasma physics.
